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Abstract. The influence of a constant uniform magnetic field on the ionization equilibrium and the ther-
modynamic properties of a nondegenerate partially ionized hydrogen plasma is studied for weak magnetic
fields. Using the methods developed in a previous work, various interaction contributions to the thermo-
dynamic functions are given. The equation of state of a quantum magnetized plasma is presented within
the framework of a virial expansion up to the second order in the fugacities, including ladder type contri-
butions corresponding to bound states. A simple interpolation formula for an effective partition function
is proposed, connecting the low- and high-field results. Furthermore, a closed analytical approximation for
the thermodynamic functions in the chemical picture and a Saha equation for weakly magnetized plasmas
are presented.

PACS. 52.25.Kn Thermodynamics of plasmas – 05.70.Ce Thermodynamic functions and equations
of state – 97.60.Gb Pulsars

1 Introduction

The calculation of the equation of state (EOS) of a
multi-component quantum plasma consisting of charged
particles interacting via the Coulomb potential is of
theoretical interest as well as of practical relevance, e.g.
for astrophysical systems such as stars. The aim of this
paper is the discussion of the ionization equilibrium in
the temperature region of 103−105 K. We employ here
two methods:
(i) implicit representation of the pressure in the grand

canonical ensemble by using a fugacity expansion
[1–3],

(ii) the method of nonideal Saha equation [3,4].
The main difference from earlier investigations is that

we study in this work the influence of weak magnetic fields
on the ionization equilibrium of a hydrogen plasma by us-
ing recently obtained analytical results for the virial coeffi-
cients [5,6]. The ionization equilibrium in strong magnetic
fields was discussed by Lai and Salpeter [7], Khersonskii
[8], Miller [9] and Potekhin et al. [10]. The present treat-
ment includes nonideality effects and is based on earlier re-
sults concerning a low-density, low-fugacity expansion for
the equation of state (EOS) of a two-component plasma
embedded in an external constant magnetic field [5,6]. Re-
lated problems were also treated by Cornu [11] and Boose
and Perez [12] who derived a virial expansion of the EOS
by using a formalism, which is based on the Feynman-
Kac path integral representation of the grand canonical
potential. In our previous work, we employed the method
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of Green’s function [5] and virial expansion in the grand
canonical ensemble [6]. Here, we will use these results and
focus our attention on the region where the plasma is par-
tially ionized and nondegenerated. First, we will use an
expansion of the magnetized plasma pressure in terms of
the fugacity z = exp(βµ) in order to obtain the EOS of
a weakly coupled magnetized plasma. Thus, we can de-
rive explicit expressions for various contributions to the
quantum second virial coefficient. Although the formalism
is formally valid only for low densities, the obtained ex-
plicit expressions are appropriate even at sufficient high
densities since the magnetic field increases the domain
of classical behavior towards higher densities. The sec-
ond virial coefficient contains both scattering and bound
state contributions of two-particle states. Being interested
in the thermodynamic properties of quantum magnetized
plasmas the influence of the magnetic field on the energy
eigenstates of a two-particle system has to be taken into
account.

Usually the magnetic field is measured by the dimen-
sionless parameter γ = ~ωc/(2Ry) = B/B0, where ~ωc

is the electron cyclotron energy, B0 = 2.35 × 105 T, and
Ry = e2/(8πε0aB) ≈ 13.605 eV is the ionization energy
of the field-free hydrogen atom. Whenever γ > 1, i.e. the
cyclotron energy is larger than the typical Coulomb en-
ergy, the structure of the hydrogen atom is dramatically
changed. This problem has been approached by several
authors [7,13,14]. Using their results for the asymptotic
behavior of the ground state energy, we will propose an
interpolation formula for the effective partition function
in order to study the thermodynamic properties of mag-
netized plasmas at arbitrary field strengths.
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Recently, the problem of ionization equilibrium of hy-
drogen atoms in superstrong magnetic fields (γ � 1) was
considered by Lai and Salpeter [7]. They proposed an ideal
Saha equation of a hydrogen gas including bound states
but neglecting screening effects and scattering contribu-
tions to the second virial coefficient. Using the EOS ob-
tained in our derivation, we construct a modified Saha
equation which takes into account nonideality effects
as well.

The paper is organized as follows. In Section 2, we dis-
cuss the representation of thermodynamic functions by a
fugacity expansion. In Section 3, we discuss in more detail
the bound state contributions in the fugacity representa-
tion. In Section 4, we consider the transition to a chemical
description. Based upon this, we obtain in Section 5 a Saha
equation and discuss the ionization equilibrium.

2 Representation of the thermodynamic
functions by a fugacity expansion

We consider a two-component charge-symmetrical system
of N spin half particles of charge (−e) and mass me and N
spin half particles of charge e and mass mi. The Hamilton
operator of our systems consists of two particle contribu-
tions. Each pair of species a and b contributes

Ĥλ
ab =

(
(pa − eaAa)2

2ma
+ µaBB0σz

)
+
(

(pb − ebAb)2

2mb
+ µbBB0σz

)
+ λVab(r),

σz = −1,+1 (1)

with the Coulombic interaction potential

Vab(r) =
eaeb

4πε0r
· (2)

The pressure can be split into ideal contributions and in-
teraction contributions

p = pid + pint. (3)

In the case without Coulombic interaction e2 = 0, the
pressure and the particle density of the plasma in a ho-
mogeneous magnetic field B = (0, 0, B0) are given by a
sum of Fermi integrals over all Landau levels n

pid = kT
∑
a

4xa
Λ3
a

1√
π

∑
N=0

′
F1/2(ln zaN ),

n =
∑
a

2xa
Λ3
a

1√
π

∑
N=0

′
F−1/2(ln zaN ) (4)

(xa = ~ωac /(2kT ) with ωac = |ea|B0/ma, Λa =
h/
√

2πmakT , and zaN = exp [β(µ−N~ωac )]). The prime
indicates the double summation due to the spin degener-
acy except for the N = 0 level.

The interaction part of the pressure will be expressed
in terms of a fugacity expansion which we cut after the
second virial coefficient [1,3]

βpint =
κ3

12π
+
∑
ab

z̃az̃b

(
π

3
λ3
abξ

3
ab ln(κλab)

+
π

2
β3 e2

a

4πε0
e4
b

4πε0
+Bab

)
+O(z̃5/2 ln z̃). (5)

Here, we have introduced the interaction parameter ξab =
−eaeb/4πε0kTλab (with λab = ~/

√
2mabkT and mab =

mamb/(ma +mb)) and the modified fugacities

z̃a = za
2
Λ3
a

xa
tanh(xa)

· (6)

In the limit of small densities, we have z̃a → na. the
first term on the right-hand side (RHS) of equation (5)
is the Debye contribution in the grand canonical ensem-
ble. The squared inverse of the Debye radius is given by
κ2 = β(e2/ε0)(z̃e + z̃i). We focus on the calculation of the
second virial coefficient Bab. In the following it will be
convenient to divide the second virial coefficient into the
direct part Bdi

ab and the exchange part Bex
ab

Bab = Bdi
ab +Bex

ab, (7)

and to compute them separately. The exchange part of
Bab is convergent while the direct part is divergent. This
is due to the long range behavior of the Coulomb interac-
tion, which leads to collective effects. So let us first discuss
the exchange part. This gives only a contribution for the
electron-electron interaction, which, according to our ear-
lier work [6], is in the weak field limit given by

Bex
ee = −πλ3

ee

cosh(2xe)
cosh2(xe)

E0(ξee)

− πλ3
ee

x2
e

6
cosh(2xe)
cosh2(xe)

EB(ξee). (8)

We see that xe = ~ωec/2kT plays the role of the small
parameter in our theory. Furthermore, E0(ξ) is the virial
function known before [3] and EB(ξ) is a new magnetic
exchange virial function first obtained in [6]:

EB(ξaa) =
√
π
∞∑
k=0

1
Γ (1 + k/2)

(
k

2 + k
(1− 24−k)ζ(k − 3)

− 4
2 + k

(1− 22−k)ζ(k − 1)
)(

ξaa
2

)k
. (9)

The factor cosh(2xe)/ cosh2(xe) in equation (9) resulted
from the spins of the electrons. For higher temperatures
we may cut the series after the second order that gives

EB(ξ) =
√
π

8
− 2

3
ξ +
√
π

26
ξ2. (10)
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This is in agreement with the results given in an earlier
work [5]. Let us now discuss the direct contribution. In
the case of particles interacting via the Coulomb poten-
tial Vab(r) = eaeb/(4πε0|ra − rb|) the second virial coef-
ficient defined by equations (6, 1) is divergent. In order
to obtain a convergent expression one has to perform a
screening procedure. Such a technique is well established
in the zero magnetic field case [3,15] and can be extended
to the nonzero magnetic field case. This program was also
carried out by Cornu [11] and Boose and Perez [12], who
used the Feynman-Kac formalism to derive a virial expan-
sion for a magnetized multi-component system. Using the
methods as described in [3,15], we have presented the sec-
ond virial coefficient in [5,6] as a sum of contributions of
lower orders in the interaction parameter e2n with n ≤ 3
and of high orders with n > 3. In this way, we have found
an expression of the following form

Bdi
ab = B′ab +B′′ab (11)

where

B′ab = −1
4
π3/2λ3ξ2

abh2(xa, xb)

− π

3

(
C

2
+ ln3− 1

2

)
λ3ξ3

abh3(xa, xb). (12)

The magnetic field correction h2 satisfies h2 = 1 if B = 0
and is at arbitrary magnetic field strengths explicitly
given by:

h2(xa, xb) =
(

1
2

+
4
π

∫ 1

0

dt
√
t(1− t) (ya + yb)

× arctanh
√

1− (ya + yb)√
1− (ya + yb)

)
, (13)

with ya,b = λ2
aa,bb sinh(xa,bt) sinh(xa,b(1 − t))/(λ2

ab t(1 −
t) 2xa,b sinh(xa,b)). In a good approximation (within ac-
curacy of about 1 percent), we may use the formula

h2(xi, xe) ' f1(xe) (14)

with

f1(xe) =
1
2

1 +
(

tanh(bx)
bx

)c arctanh
√

1− tanh(bx)
bx√

1− tanh(bx)
bx

 ,
(15)

where the fitting parameters are found to be c = 0.928 52
and b = 0.404 46. In quadratic order in the field the func-
tion h2 has the expansion

h2(xi, xe) ≈ h2(0, xe) ≈ 1− x2
e

48
+ ... (16)

The magnetic field correction h3 is not explicitly known
except in the limit of zero field, where h3 = 1 holds. As it
was shown in the zero field case, this term gives a small

contribution to the second virial coefficient in the limit of
low temperatures. Therefore, we can neglect this term in
what follows. The higher order contributions to the second
virial coefficient are given by

B′′ab =
1

2Ω
P ′′
(
Λ3
a

2
tanh(xa)

xa

)(
Λ3
b

2
tanh(xb)

xb

)
× Tr (e−βHab − e−βH

0
ab). (17)

Here, Hab is the Hamilton operator of the two particle sys-
tem and H0

ab of the noninteracting system. The additive
term µaBB0σz describes the coupling between the intrinsic
magnetic moment (µaB = ea~/(2ma)) of the charged par-
ticles and the magnetic field. The operator P ′′ means that
all terms of order less than ξ4 have to be omitted, since
they have been taken into account in B′ab. Formally the
higher order contributions may be expressed by a resol-
vent expansion [3]

B′′ab =
1

2Ω

(
Λ3
a

2
tanh(xa)

xa

)(
Λ3
b

2
tanh(xb)

xb

)
× Tr

∑
k

1
2π

∫
C

dz
[

1
H0
ab − z

Vab

]k 1
H0
ab − z

· (18)

The series may be written in the form

B′′ab = 2π3/2λ3
ab

∞∑
k=4

ζ(k − 2)hk(xa, xb)
Γ (1 + k/2)

(
ξab
2

)k
. (19)

The functions hk expressing the magnetic corrections sat-
isfy the zero field condition

hk(0, 0) = 1. (20)

Therefore, in the zero magnetic field case, an exact calcu-
lation of the convergent second virial coefficient is possi-
ble in agreement with earlier works [3,4]. In the case of
a weak magnetic field the second virial coefficient may be
expanded with respect to x2. Furthermore, we consider
only the lowest order contribution and neglect higher or-
der terms. The final result given in an earlier work [6] may
be summarized as follows (with a = i, e):

Bae = 2πλ3
aeQ

0(ξae) + 2πλ3
ae

x2
e

24
QB(ξae). (21)

Here, Q0 is the well-known zero field virial function and
QB is a new magnetic quantum virial function first derived
in [6]

QB(ξ) =
√
π

×
∞∑
k=2

(k − 3)ζ(k − 2) + (k − 5)ζ(k − 4)
Γ (2 + k/2)

(
ξ

2

)k
. (22)

Strictly speaking, the quantum virial function QB(ξ) has
been proven so far only for the case of an infinite proton
mass, i.e. one has to replace ξei by ξe = e2/4πε0kTλe
with λe = ~/

√
2mekT . This problem will however be of

no importance for our calculations due to the small value
of me/mi.



516 The European Physical Journal D

σB(ξ) =

∞X
n=1

2n2 �1 + n2� "e( ξ2 )
2 1
n2 − 1−

�
ξ

2

�2
1

n2
− 1

2!

�
ξ

2

�4
1

n4

#

−
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"
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2 1
n2 − 1−

�
ξ

2
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Fig. 1. Plot of the partition function, including fit formula, as
a function of the magnetic field at a temperature of T = 104 K.

3 Ionization effects in the fugacity
representation

Collecting the formulae equations (5, 21, 22) and com-
pleting this with the known relation between density and
pressure

na = z̃a
d(βp)
dz̃a

, (23)

we have an implicit closed relation for the pressure as a
function of the density. This representation works at low
as well as at high temperatures. Let us now consider the
region, where bound states play a role. This means for the
field-free case

(−E10/kBT ) = ξ2
ie/4� 1, (24)

where E10 ' 13.6 eV is the hydrogen ground state energy.
In other words, we consider temperatures below 105 K.
Restricting our study now to this region, we may sim-
plify the representation given above by a procedure which
is well established for the field free case [3,4] and which
contains the steps:

(i) omitting the exchange terms,
(ii) omitting the terms of odd order in ξ,
(iii) keeping only asymptotic contributions to the virial

functions [3,4],
(iv) excluding terms of the order O(n5/2).

The fugacity expansion given above is well approxi-
mated by these assumptions and it transforms to the ex-
pression

βp = βpid +
K3

12π
− z̃iz̃eλ3

ie

[
π3/2ξ2

ie

(
1− x2

e

48

)
− 8π3/2σeff(T,B)

]
− ... (25)

Here, we have introduced the effective atomic partition
function, which gives the asymptotic behavior of the sec-
ond virial coefficient (22) at large values of ξ (see Ref. [6]
for its derivation), and reads

σeff(T,B) = σ0(ξe) +
x2
e

24

[
σB(ξe) +

ξ4
e

192

(
1 +

π2

3

)]
,

(26)

with the two contributions

σ0(ξ) =
∞∑
n=1

n2

[
e( ξ2)2 1

n2 − 1−
(
ξ

2

)2
]
, (27)

and

see equation (28) above.

So far, this is just a definition. We essentially followed the
idea developed by Brillouin-Planck-Larkin and others [3,
4] that the convergent interaction contributions of order
higher than e4 may be included into the atomic partition
function.

The effective partition function given by equation (26)
is valid only for small magnetic fields. On the other hand,
asymptotic high-field expressions for the partition func-
tion are known [5]. Let us introduce the following simple
interpolation formula for the effective partition function,
which has the right behavior in both limits. Our approach
is based on the knowledge of the weak-field and strong-
field limit. We find for temperatures below 105 K

σeff(T,B) = σ0(ξe) +
x2
e

24

[
σB(ξe) +

ξ4
e

192
(1 +

π2

3
)
]

+ exp
(
− 1
x

+ α
ξ2
e

4
ln2(4x/ξ2

e)
)
. (29)

The constant α has to be chosen in such a way, that the
ground state energy of the hydrogen atom in a strong mag-
netic field is reproduced. Here, we have used the approx-
imation α = 0.64. The atomic partition function defined



W. Ebeling et al.: Ionization equilibrium and EOS of a low-temperature hydrogen plasma 517

10000.0 20000.0 30000.0 40000.0
T [K]

0.50

0.60

0.70

0.80

0.90

1.00

p/
(2

nk
T

)

B = 0 T
B = 1 x 10

5
 T

B = 2 x 10
5
 T

Fig. 2. The EOS calculated from the fugacity expansion as a
function of temperature at a density of n = 1025 m−3.

in this way is graphically represented in Figure 1. For com-
parison we have also included the asymptotic expression

σasy
eff (T,B) = exp(−E0(B)/kT ), (30)

with −E0(B)/kT = (αξ2
e/4) ln2(4x/ξ2), and the weak-

field results. We emphasis that our expressions (21, 22) is,
strictly speaking, correct only up to the quadratic order in
the magnetic field. Nevertheless, the interpolation formula
equation (29) may be used for arbitrary field strength, and
we may expect that it will give at least qualitatively
reasonable results for any field strength. In the present
(low-temperature) approximation we have symmetrical fu-
gacities z̃e = z̃i = z̃ and get, finally, the following repre-
sentation for the pressure

βp = 2z̃ +
κ3

12π
− z̃2π3/2λ2

ieξ
2
e

(
1− x2

e

48

)
+ z̃28π3/2λ3

ieσeff(T,B) (31)

and the density n = ne = ni

n = z̃ +
κ3

16π
− z̃2π3/2λ2

ieξ
2
e

(
1− x2

e

48

)
+ z̃28π3/2λ3

ieσeff(T,B). (32)

In this way, we have obtained closed expressions for the
equation of state.

Figure 2 shows the pressure as a function of the tem-
perature for a fixed density. With decreasing temperature
the pressure decreases to half of its value. This reflects
the formation of bound states. In spite of the fact that
at the given temperature the effective partition function
is extremely large, the contributions to the pressure re-
main finite due to the fact, that the fugacities become
very small, simultaneously. In this way, a fugacity expan-
sion can describe implicitly the formation of bound states
and ionization effects in the same way as it was already
known for the field-free case [1–3].

4 Transition to the chemical picture

In the case of a hydrogen plasma, the densities of electrons
and ions are equal. In order to give a more explicit rep-
resentation of the ionization equilibrium, we will derive a
generalized Saha equation, which will be discussed in the
next section. The general procedure of a transition to the
chemical picture is well-known, and we will follow these
lines [3,4]. The Saha equation is a special representation of
the EOS for the region, where the binding energy is large
in comparison with the thermal energy. The next step in
the transition to chemical picture is a reinterpretation. We
consider the bound states as composite particles, which
must be treated on the same footing as elementary parti-
cles [3,16]. By inspection of the fugacity expansion (31),
we reinterpret the term containing the effective partition
function σeff(T,B) as the fugacity z?0 of the neutral atoms

z̃?0 = z̃iz̃e8π3/2λ3
ieσeff(T,B). (33)

Defining the fugacities of the free composite particles in
the chemical picture by z̃?e = z̃e , z̃

?
i = z̃i, the pressure

reads as follows

βp = z̃?e + z̃?i + z̃?0 +
κ?3

12π
− π3/2z̃?e z̃

?
i λ

3
eiξ

2
ei(1−

x2
e

48
)

+ z̃?e z̃
?
i

π

2
β3 e

2
ee

4
i + e2

i e
4
e

(4πε0)2
· (34)

The particle densities of the new species are given by

n?e = z̃?e
∂ (βp)
∂z̃?e

, n?i = z̃?i
∂ (βp)
∂z̃?i

, n?0 = z̃?0
∂ (βp)
∂z̃?0

·

(35)

Solving this equation by iteration, we find the chemical
potentials

βµe = ln
(
n?e
Λ3
e

2
tanh(xe)

xe

)
− 1

2
βe2κ?

4πε0
(1− κ?a) ,

βµi = ln
(
n?i
Λ3
i

2
tanh(xi)

xi

)
− 1

2
βe2κ?

4πε0
(1− κ?a) ,

βµ0 = ln
(

n?0Λ
3

4σeff(T,B)

)
, (36)

where now κ?2 = (n?e + n?i )βe
2/ε0 = 2n?eβe2/ε0.

We have further introduced the length parameter a,
which may be interpreted as a kind of effective diameter
of the charges. This parameter is defined by

a =
4πε20
β2e4

[
π

3
2 λ3

ie ξ
2
ie h2(xi, xe)

]
, (37)

where the present low-field approximation yields

h2(xi, xe) ≈ (1− x2
e

48
). (38)

The parameter a is not only a function of the De Broglie
wavelength, but also of the magnetic length lB. The mag-
netic field reduces the effective diameter. This reflects the
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Fig. 3. Plot of the effective diameter as a function of the
(dimensionless) magnetic field.

fact that the magnetic field localizes the particle perpen-
dicular to field. The formulae equations (37, 38) are valid
only for weak fields, i.e. for x2

e/48 � 1. A heuristic ap-
proach to extend the formulae to higher fields may be
based on the representation for the function h2(xi, xe)
given earlier (see Eq. (13)). In Figure 3, the effective di-
ameter of the electron a is represented as a function of
the magnetic field. It is useful to extend the range of va-
lidity of equation (36) to larger values of κ∗a by a kind of
Padé approximation [3], which brings the chemical poten-
tial to the classical form assumed already in the twenties
by Debye and Hückel [17]. We note that

βe2κ?

4πε0
(1− κ?a) ≈ βe2κ?

4πε0
1

(1 + κ?a)
· (39)

In this approximation, we find

βµe = ln
(
n?e
Λ3
e

2
tanh(xe)

xe

)
− 1

2
βe2κ?

4πε0(1 + κ?a)
,

βµi = ln
(
n?i
Λ3
i

2
tanh(xi)

xi

)
− 1

2
βe2κ?

4πε0(1 + κ?a)
·

(40)

Combining these terms, we find for the interaction part of
the plasma chemical potential

βµint = − βe2κ?

(4πε0)(1 + κ?a)
· (41)

We will show in the next section that µint plays the role
of the lowering of the ionization energy and is therefore of
central importance for the ionization phenomena in dense
magnetized plasmas. From the Padé approximation for the
chemical potential, we may calculate by standard thermo-
dynamic relations the contributions to the free energy and
the pressure. As already mentioned, the results take the
Debye-Hückel form, which is known from the theory of
electrolytes [17]. The interaction contributions to the free

0.0 5.0 10.0 15.0 20.0
Γ

−30.0

−20.0

−10.0

0.0

βµ
in

t

x = 0.2
x = 5.0
x = 10.0

Fig. 4. The lowering of the ionization energy βµint as a
function of the density for different field strength (B[T] ≈
1.49xT [K]). The upper array of curves corresponds to T =
50 000 K and the lower array of curves corresponds to T =
10 000 K.

energy and to the pressure have in the present approxi-
mation the form

Fint = −kTV κ?3

12π
τ(κ?a),

βpint = − κ
?3

24π
φ(κ?a), (42)

with the functions τ(κ?a) and φ(κ?a) known from the
Debye-Hückel theory [17,18]

τ(x) =
3
x3

[
ln(1 + x) − x+

x2

2

]
,

φ(x) =
3
x3

[
−2 ln(1 + x) + x+

x

1 + x

]
. (43)

Instead of κ, we may use the dimensionless coupling
strength Γ = βe2/(4πε0d) with d = (3/4πn?i )

1/3. In terms
of Γ , the chemical potential reads as

βµint = −61/2 Γ 3/2

1 + cΓ 3/2τ1/2f1(xe)
(44)

with τ = 2~2kT (4πε0)2/(miee
4) and c =

√
6π/8.

In Figure 4, we have shown the chemical interaction
potential βµint as a function of the parameter Γ (calcu-
lated from the density of the density of the free ions) for
different values of the temperature and the magnetic field.

We note that equations (41, 44) may violate the con-
dition of thermodynamic stability [3] in certain regions of
the temperature density plane

∂µ

∂n?
=

2
n?

+
∂µint

∂n?
> 0. (45)

Let us study here this stability condition for the approx-
imation (41). For this simple Debye-Hückel type formula,
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the system allows a full analytical stability analysis [3,
17,18]. We find that the system is unstable in the region
between the two branches of

µ̃1,2 =
(
b2

8
− b
)
±
[(

b2

8
− b
)2

− b2
]1/2

. (46)

Here, we have introduced the abbreviations

µ̃ =
(

8πn?β3e6

(4πε0)3

)1/2

, b =
βe2

4πε0a
· (47)

The loss of stability with respect to density fluctuations
is sometimes interpreted by means of a phase separation
into a more dense and a less dense phase [3]. We note that
the condition

bcr =
βe2

4πε0TB
cra

= 16 (48)

defines a critical temperature

TB
cr =

e2

64πε0kTa
, (49)

which depends through a on the magnetic field. The pa-
rameter a is a monotonically decreasing function of the
magnetic field strength (see Fig. 3). Therefore, the mag-
netic field increases the critical temperature. In other
words, in the region of partial ionization the magnetic
field tends to destabilize the plasma, i.e. to favor a sep-
aration into two phases. Typically Tc is in the region
15 000−30 000 K. For T < TB

c and strong coupling Γ > 2
the two-component plasma becomes unstable with respect
to density fluctuations and may form two phases. Accord-
ing to the mass action law, both phases have different
degrees of ionization. This reminds one of the phenom-
ena known from electrolyte theory and from electron-hole
plasmas [17,18].

We must emphasis that the stability analysis given
above yields only a qualitative analysis of the phenomena
of phase separation in dense plasmas. A more quantitative
theory requires, in particular, a careful treatment of the
charge-neutral interactions [19–22].

5 Saha equation and ionization equilibrium

Using the Debye-Hückel type approximation equa-
tion (41), we find from the condition of chemical equi-
librium

µe + µi = µ0 (50)

the modified Saha equation

n?0
n?en

?
i

= σeff(T,B)Λ3
e exp

(
− βe2κ?

4πε0(1 + κ?a)

)
. (51)

Equation (51) differs from the ideal Saha equation [7] by
an additional exponential factor depending on the chemi-
cal interaction potential. This quantity may be interpreted
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Fig. 5. The degree of ionization in dependence on the magnetic
field at a density of n = 1029 m−3.

as the lowering of the ionization energy. The principal be-
havior of this important quantity is shown in Figure 4. The
lowering of the ionization energy increases with the cou-
pling strength (i.e. with the density) and increases with
the magnetic field. At very large Γ , which is the classical
limit, the dependence on the magnetic field is weakened.
On the other hand, the ionization energy itself increases
with the magnetic field. Both effects point in different di-
rections. In general, the dependence of the ionization en-
ergy on the field dominates the behavior.

In Figure 5, the degree of ionization α = n?e/n for a
dense hydrogen plasma at various magnetic field strengths
is plotted and compared with the results for the case of
zero field and the degree of ionization derived from the
ideal Saha equation [7]. We find an increase of the ioniza-
tion degree in comparison with the ideal Saha equation
[7] due to the nonideality effects. For densities of about
1029−1030 m3 the deviation from the ideal Saha equation
may be as large as 10–15 % (see Fig. 5). At even higher
densities, i.e., n � 1030 m−3, the Saha equation given
above may only be used as a rough approximation. The
plasma can no longer be regarded as a weakly coupled sys-
tem rather it must be treated as a strongly coupled system
[3,20,22].

Additionally, we may characterize the dependence of
the ionization degree on the magnetic field strength. With
increasing magnetic field strength the degree of ionization
decreases.

6 Conclusion

In this paper, we analyzed the ionization equilibrium in
a hydrogen plasma in a weak constant uniform magnetic
field. Starting from a fugacity expansion, we derived a
general expression for the second virial coefficient as a
series expansion with respect to the interaction parameter
e2 and the field B. Extending earlier results for the zero
field case [3,4], we explicitly calculated the asymptotic
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contributions for the case of strong interaction parameters
ξ � 1. The results were used to establish the equation of
state in the grand canonical ensemble. Finally, we have
derived a generalized Saha equation, and we have shown
that at higher densities nonideality effects can significantly
increase the degree of ionization.

The accuracy of the absolute values of the EOS and
the degrees of ionization considered here can be improved
by calculating higher order contributions in the magnetic
field to the virial coefficient. Nevertheless, the influence
of the nonideality effects on the ionization equilibrium as
shown in this paper remains approximately the same.

This work was supported by the Deutsche Forschungsgemein-
schaft.
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